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Abstract. Recently Hansen et af derived a Fokker-Planck equation (FpE) for the learning
dynarrics of neural networks, which differs from a previously given version by Radons et al. It
is shown that the discrepancies are due to different implicit assumptions for the distribution of
time intervals between the discrete leaming events. Both approximations are therefore equally
jusified from a general point of view. The long-time properties, however, are independent of
this distribution and are in general more accurately described in the original FeE of Radons et
al. Especially, mean and varjance of the synaptic parameter distributions are exact only in the
latter approach.

1. Introduction

In a recent paper {1] Hansen et al derived a Fokker-Planck equation (FPE) for the dynamics
of learning in neural networks, which in some respects differs from the one given previously
_by Radons ¢t @l [2]. The purpose of this contribution is a thorough comparison of the two
proposed equations with the goal of clarifying the origin of the differences. It will tumn out
that both approaches are correct and which one is appropriate is dependent on application.
The main part of this paper is organized as follows. In section 2, we rederive our original
FPE by invoking the general connection between discrete random walks and continuous time
evolution equations of Bedeaux ef af [3].-This is an aiternative to the systematic approach -
of Hansen er al, and provides us, e.g., with an understanding of the physical origin of
the ‘spurious dependence on initial conditions’ observed in [1] for an exactly solvable
model. This exarmple is treated in detail in section 3, where we also show that the different
stationary solutions of both approximations can both be exact for small leaming rates, though
for different noise distributions. .

2. Leai‘ning as random-walk and continuous-time approximations

Learning in neural networks leads to the following type of dynamical system:
Wnrl = Wo+ 0P (Wr ) ‘ o))

where w, denotes the vector of synaptic parameters at the nth update, £, is the pattern
vector presented at that instant and # is the.learning rate. For random and uncorrelated
pattern presentation (1) describes a random walk in the parameter space of neural networks
with a given structure. The probability density for synaptic parameters obeys [2]
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with
T(w|w)= fc?(w —uw' —nF(w, E)pE)dé

= (§(w —w — nF W, &) 3

where p(&) is the probability density for pattems &. Equation (2) can be rewritten in the
form of a discrete “time’ master equation

Paypi(w) — Pa(w) = f [T(w | w)Py(w) — T(w' | w)Pa(w)]dw’. “)

Eventually one wants to replace differences in (4) by differentials to obtain a continuous
time description. A consistent way for this has been achieved by Bedeaux et 4/ [3]: for that
purpose one has to specify how the discrete learning events occur in continuous time, i.e.
one has to assign times #, to nth parameter update. There is some freedom in this choice.
If the time differences At, = #,41 — ¢t are drawn randomly from the distribution

Y(an) = 7 exp(—At/T) (5)
the random walk (1) is exacrly described by the continzous time master equation
o = [ )@ - W W) Pw 0] ©

with transition rate
Ww | w) =1"T@w ! w. )]

71 is the-mean time difference between subsequent learning steps. In the following we set
7y = I which means that we measure time ¢ in units of vy, The probability distribution
P(w, ) in (6) is now defined for all times ¢ by P(w,) = Z;’iu $(n, 1) P(w, n) where
$(n, ) is the probability that exactly n learning steps have occured at time r. For the
exponential density (5) one has ®(n, £} = (1/n]){z/71)" exp(—t/71}, and (6) with (7) follow
from (4) and 7 (8/81)®(r, t) = (1 — 8y 0) - ®(n — 1, ) — $(r, t). For probability densities
Y(At) differing from the Poisson law (5), equation (6) becomes exact at long times.
Especially, the stationary distribution P(w) of (2) and (6) are identical and independent
of the law . In the context of learning in neural networks the above approach was used
recently by Heskes and Kappen in [4].

In a further step we exploit the fact that the transition rate W depends on the leaming
rate n which may be assumed to be small (5 < 1). Thus one can write W as a power
series in n [2]. This series, although similar to the Kramers—Moyal expansion [5], differs
from the latter in an important aspect: it is a systematic expansion with respect to a small
parameter, and it is therefore allowed to truncate this series. Neglecting terms of order 5*
one obtains the Fokker—Planck equation of Radons et al [2,6]

OP(w,t) a n? 82
——= "nza—miﬂ(w)P(w,t)] + —-i-%jmwﬂ(wmw,rn (8)

{

with

Fr(w) = (F(E, w)):
Dy(w) = (Fp(§, w)F (&, w))z - ‘ 9
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In contrast, Hansen et al obtain the same FPE with Dy (w) replaced by
Disw) = (Fu(f, w) — (F(5, 7{)))’5)(1’:(& w) — (Fi(&, whedde (10)

It will be shown below that mean value and fluctuations of the variable w are treated
correctly in our FPE. This and the above derivation show that in gencral there is no need
for introducing a mesoscopic time scale © as in [1]. It appears that the averaging over
is only necessary for ¥ (A#) = §(A? — 1) since otherwise one would not get a smooth,
differentiable time evolution in this case.

3. Exact results

With the following exactly solvable example, also treated in [1], one can gain much insight
into the physical implications of both proposed approaches and compare the quality of the
corresponding approximations. This one-dimensional example is defined by

Flw,§) =-w+§ : : (11)

which turns (1) intc a simple linear iterated map w1th additive noise. Let us first consxder
properties of the problem which are independent of the asmgnment of the times #,. Tms are
the stationary solution and related quantities.

. The exact asymptotic solution P (w) = limy_.o P (w) of (2) with F as in (I 1) obeys
the integral equation

Py = [ ptw/n=w' —n/mP@H W/ . 12

In terms of characteristic functions p(k) = [ e*¥ P(w)dw and j(k) one gets
Bk) = p(nk) - (1 “_ﬂ)k) (13)

which is solved for | 1 — 5 [< 1 by
plky =T A1 —nyh). o : (14)
=0 '

Hansen er al treated the case of a Gaussian density p(&) with variance o which, e.g
via (14) and Fourier transformation, results also in 2 Gaussian P(w) with variance X. The
quantities X and o are related by

2_ 0 2 '

o= e ot (15)
The stationary solution of the Fokker—Planck approximation (8) is obtained in one
dimension as P(w) = N - D~ (w)exp(2 {* F(w")/D(w') dw'/n). For the example (11),
F(w) = —w (for {§) = 0) and D(w) = ¢ in the version of Hansen et @l [1]. Thus
their FPE yields also a Gaussian for P(w) with variance no?/2, which means that their
approximation becomes aSymptotlcally exact in the limit n — 0 In contrast the FPE of

Radons et a:' leads with D(w) =w?+o?to :

P(w) = N - (w? + %)=L ' (16)
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where N is a normalization constant. .

There are several remarks to be made. Firstly, the FPE of Hansen et af always leads to a
Gaussian P(w) independent of the noise distribation p(£). Thus their stationary solution is
approximate for all non-Gaussian o(£). This is important for learning in neural networks,
since there the noise due to the random pattern presentation is typically non-Gaussian but
rather bounded and discrete. The discreteness of p(§) may even lead to very imregular,
multifractal equilibrium distributions as shown in [6].

Secondly, the variances X of P(w) and o of p(£) are always exactly related as in (15),
independently of the choice of p(£). This may be seen by differentiating (13) twice with
respect to k. Since 5 and § are moment generafing functions [5], the result for £ = 0 relates
the moments of P and p as in (15). Now it is important to note that P(w) of (16) fulfills
(15) exactly for all  where a stationary solution exists (Le. 0 < < 2). This follows from
a direct calculation or from (21) below. As a consequence the divergence of = for n — 2
is also correctly taken into account. This is the most one can expect from 2 FokkerPlanck
approximation for a noise distribution not further specified with prescribed variance o, since
the tails of P(w) and the higher moments depend on the explicit form of p(£). It follows
that in the allowed range of leaming rates and for most p(§) the stationary solution of the
FPE of Radons et ol approximates to the exact solution better than the one of Hansen et al.
For the quality of our FPE in the non-linear case see [6].

Thirdly, there is also a noise distribution o () where the stationary solution {16) becomes
asymptotically exact for 7 — 0. This may be seen as follows. Solving (13) for 5(k) and
inserting the Fourier transform [7] p(k) = const- | k|V2*M7 . Ky 1 (o Jk]) of P(w) from
(16) yields

Y . U740,
&) = S = mkim
= (1 — gyt __Kuasin Gkl
Ko (1 —n)ikl/n)

where K,(x) is the modified Bessel function of the third kind [8]. Expression (17) is the
Fourier transform of a probability density if by Bochner’s theorem [9] the right-hand side
is positive-definite. Numerical Fourier inversion of (17) indicates that for 0 < n < 2 §,(k)
is indeed the characteristic function of a density p,(&) [10]. Thus there exists for every
density P(w) of the form (16) a noise distribution p,(£) which exactly generates P(w) as
an invariant density of (2) with F(§, w) as in (11). p,(&) still depends on the learning rate
n. Forn — 0, however, p,(£) becomes asymptotically independent of 5. This follows from
the asymptotic expansion of K, (x) for large orders and large arguments [8]. One obtains

(17

'!’11‘(}) By(k) = pk) = exp(l — v 1+ o%k2) (18)
which is the characteristic function of the probability density [7]
PE) = — (L+E2/a)™ Ki[(1+ 8%/, (19)

This density decays exponentially as exp[—|&|/o + O(ln(&))] for large £ and plays the
same role for P(w) of (16) as the Gaussian density does for the Gaussian law P(w) in
the approximation of Hanser et al. For comparison both distributions (%) are depicted in
figure 1. We see that the stationary distributions of both approaches can become exact in
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§fo

Figure 1. The noise distribution p(§), equation (19), for which the stationary solution (16
becomes exact at small learning rates is depicted (full curve). For comparison the broken curve
is the Gaussian density o(£) which results in the stationary solution of the FeE of Hansen et al
forp <« 1. .

the limit # — 0, and therefore from this point of view none of the two approximations is
preferable.

Now we tum-to the dynamical evolution-of mean w(f) = {w}, = f wP(w, t)dw and
variance T(r) = {w?), — {w)? of the synaptic parameters. From the FPE (8) with (9} one
obtains for the exactly solvable example (11}

w(t) = w0)e™ ' (20)
and

2 .
) = 2“_"n(1 — e 4y HO) (eI — &), @1)

Note that in [1] the prefactor o25/(2 — ) is incorrectly stated as o?n/2 (in their
equation (29)). The correct version may also be found in [4], who treat the same example

under the name Grossberg leaming. In contrast, the FPE of Hansen er af yields a different
result for the variance - ’ )

2 .
Bule) = (- &7 @

where 7 in this notation is not absorbed in the time scale.

First, we can see from (21) that for t — oo, Z(f) approaches the exact limit X of (15).
This happens by no means accidentally but is a consequence of the fact that (21) is exact
for all times ¢ and for all 5! This is true since (20) and (21) can also be derived from
the continuous-time master equation (6). Moreover, this coincidence is not restricted to the
special example above but also true for the general muitidimensional, non-linear case: with
respect to mean and variance our FPE (8) with (9} is not &n approximation to the continuous~
time master equation (6) but equivalent, This was already correcily stated in [4].
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At this stage it is appropriate to remember that in deriving (6) one utilizes the freedom
of regarding the update events as being generated by a Poisson process in continuous time.
Again, for different choices of the interval distribution such as {At) = (At — 1), which
means equal time intervals 1) between updates, the variance () of (21) becomes exact
at large times in a well defined way [3]. Further, we recognize now the physical origin of
what the authors of [1) call a ‘spurious dependence on the initial conditions’ of T: Z(#)
splits into two parts:

W) =Z,0O+ Ty (23)

where the second term X, which survives for ¢ = 0, simply reflects the randomness in
the times ¢, of the pattern presentations! In contrast X, stems from the randomness in
choosing a member from the pattern ensemble p at a given time #;. It tums out that both
contributions increase linearly at short times Z(2) = n%(c2 + w?(0)) - ¢ (i.e. fluctuations in
w increase as t!/2 in accordance with the general theory of stochastic processes [5]) and
that Xy (¢) decays exponentially at large times ¢, I, is negligible only for ¢ 3> 1/n, where
at the same time X, has almost reached its asymptotic value & of (15). This remains true
for arbitrary small values of the leamning rate . Conversely, for ¢t < 1/5 the variance Z(t)
is always significantly affected by the choice of the interval distribution ¥ (Ar) since Z,
and I, are of the same order.

These remarks explain the different forms for %i(¢). Equation (22) is obtained for the
special choice Y¥r(A) = 3(At — 7)) in the limit of small ». In this case there are no
fluctuations in Az = 1, — #,—; and therefore Ty () vanishes identically for all times . For
all other distributions i one expects a contribution X (f) similar to the one in (21).

4. Summary

‘We have seen that the evolution of an ensemble of neural networks is strongly influenced by
the way the discrete learning events are distributed in continuous time. There is no a priori
prescription for this assignement, which results in an ambiguity in the dynamical behaviour
in physical time. Correspondingly, different choices for the time interval distribution lead
to different Fokker—Planck approximations as those presented in [1] and [2]. None of them
is preferable from this point of view. The long-time behaviour of the network ensemble,
however, is not affected by the above choice. The resulting stationary parameter distributions
are more accurately described in the approach of Radons et ¢f [2,6] since in addition to
the mean, the variance is also exact in this version, whereas the results of Hansen et 2! are
valid only at small leamning rates. Finally we mention that the given arguments and results

are not restricted to supervised learning but also apply to unsupervised learning processes
such as Kohonen’s self-organizing maps [11].

References

[1] Hansen L K, Pathria R and Salomon P 1993 Jf, Phys. A: Math. Gen. 26 63

[21 Radons G, Schuster H G and Wemer D 1990 Paralfe! Processing in Neural Systems and Computers ed
R Eckmiller er al (Amsterdam: North-Holland) p 261; Proc. Int. Neural Network Conf, INNC-90-Paris
(Dordrecht: Kluwer) p 993

3] Bedeaux D, Lakatos-Lindenberg K and Shuler K E 1971 J. Math. Phys. 12 2116

[4] Heskes T M and Kappen B 1991 Phys. Rev. A 44 2718



[51
[6]
7
[8]
[9]
(10}
fil]

Stochastic dynamics of supervised learning , 3461

Van Kampen N G 1981 Stochastic Processes in Physics and Chemistry (Amsterdam: North-Holland)
Radons G, Schuster H G and Wemer D 1993 Phys. Lert, 174A 293

Oberhettinger F 1973 Fourier Transforms of Distributions ard Their Inverses (New York: Academic)
Abramowitz M and Stegun 1 A 1972 Handbook of Mathematical Functions (New York: Dover) ch 9
Lukacs E 197G Characteristic Functions 2nd edn (London: Griffin)

This means that P(w) of (16) belongs to the class of self-decomposable distributions (see [9]}
Rider H and Schuiten K 1988 Biof. Cybern. 60 59



